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HOMOGENEOUSLY  TRACEABLE  RESULTS  IN  CLAW-FREE  GRAPHS" 


by 

Lisa  R.  Markus* 
Department  of  Mathematics 
Furman  University 
Greenville,  SC  29613 


ABSTRACT 

A  graph  G  is  homogeneously  traceable  if  for  each  v  G  V'(G)  there  is  a  Hamilton  path 
starting  at  v.  In  this  paper  we  find  a  sufficient  condition  for  a  claw-free  graph  to  be 
homogeneously  traceable  in  terms  of  a  neighbourhood  union  condition. 

Preliminaries 

A  graph  G  is  said  to  be  homogeneously  traceable  if  for  each  v  €  V(G')  there  is  a 
Hamilton  path  starting  at  v.  We  will  call  a  path  a  v-path  if  it  starts  at  v. 

Theorem  1  [3] 

If  G  is  a  3-connected,  claw-free  graph  such  that 

|iV(u)  U  Ar(r;)j  >  (2p  —  5)/3 

for  all  nonadjacent  pairs  of  vertices  u,v  then  G  is  homogeneously  traceable.  □ 


Clearly,  any  graph  that  is  Hamiltonian  is  also  homogeneously  traceable. 

Theorem  2 [4] 

If  G  is  a  3-connected,  claw-free  graph  such  that 

|;V(u)  U  Ar(t>)|  >  ll(p  -  7)/21 
for  all  nonadjacent  pairs  u,v  then  G  is  Hamiltonian.  □ 


So  Theorem  1  is  a  corollary  of  Theorem  2. 


Theorem  3[1] 

Let  G  be  a  2-connected  graph  with 

|-V(u)U.V(t>)|  >p/2 
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for  all  nonadjacent  pairs  of  vertices  u,v.  Then  either  G  is  Hamiltonian,  or  G  is  equal  to 
the  Petersen  graph,  or  G  is  a  spanning  subgraph  of  one  of  the  following  families: 

a)  I<2  +  (Kq  U  AT  U  AT); 

b)  K\  +  (AT?  U  AT  U  AT  U  T),  where  q,  r,  s  >  2  and  T  is  the  edge  set  of  a  triangle  containing 
exactly  one  vertex  or  Kp ,  Kq  and  Ar; 

c)  Kq  U  ATr  U  AT  U  Tj  U  I2,  where  q,r,  s  >  3  and  T\  and  T 2  are  the  edge  sets  of  two 
vertex-disjoint  triangles  each  containing  exactly  one  vertex  from  Kq ,  Kr  and  A',.  □ 

This  Theorem  generalises  each  of  Theorems  1  and  2,  since  none  of  the  exceptional 
graphs  are  3-connected. 

In  [5]  Lindquester  investigated  the  effect  of  distance  on  neighbourhood  union  condi¬ 
tions. 

Theorem  4[4] 

Let  G  be  a  2-connected  graph  with 

\N{u)UN(v)\  >  (2p  —  l)/3 

for  all  pairs  of  vertices  u,u  at  distance  2.  Then  G  is  Hamiltonian. 

Results 

We  will  obtain  a  sufficient  condition  for  a  2-connected.  claw-free  graph  to  be  homo¬ 
geneously  traceable  in  terms  of  the  neighbourhood  union  of  vertices  at  distance  2.  First, 
we  will  need  the  following  Lemma. 

Lemma  5 

Let  G  be  a  2-connected  graph.  Let  P  —  iq ,  tq, ...,  vm  be  a  longest  vm  path.  Then 
there  is  a  path  P1  =  u  1,  u2,  um  —  vm  with  V(P')  =  V(P)  such  that  in  Pr,  ut  is  adjacent 
to  some  vertex  tq+i  and  not  to  ut. 

Proof 

Let  P  be  a  longest  em-path  and  suppose  that  there  is  no  path  P1  with  the  required 
property.  Let  Q  =  ,  112,  ■■■,  um  =  vm  be  a  r„,-path  with  V'(Q)  =  V(P)  and  the  degree  of 

(u  1)  as  large  as  possible.  Then  Q  is  a  longest  1',,,-path. 

Traversing  Q  from  uj  towards  um  let  tv+j  be  the  first  vertex  to  which  ti\  is  not 
adjacent.  Then  uj  is  adjacent  to  U2,U3,...,ur  and  the  degree  of  uj  is  r  —  1.  Then  u  1  is 
not  adjacent  to  any  other  vertices  of  P  else  we  can  put  Q  —  P'  and  we’re  done.  Sirwe  G 
is  2-connected,  ur  cannot  he  a  cut  point.  Tow  if  one  of  112,^3.  say  is  adjacent 

to  some  y  ^  Q  we  will  immediately  get  the  longer  urn-path 

-  -Jlk  +  l,  UUU2,...,Uk,y. 

Thus  one  of  U2,  U3, ...,  ur-\ ,  say  is  adjacent  to  a  vertex  uq  with  q  >  r.  Note  that  uj  is 
adjacent  to  u,!  +  i.  Take  the  path 

IF  —  il  m  ,  tl  n,  —  1  1  .■• ,  Uq*  Uq  n  +  lit/],  U  2  ,  . .  • ,  U  ti  ■ 


9 


This  is  also  a  longest  um-path  with  F(H/)  =  V(P).  Now  if  un  is  not  adjacent  to  all  of 
Un-i ,  un_2,  •••,  ti] ,  un+i,  un+2,  •••i  uq  then  we  have  a  path  with  the  required  property.  On 
the  other  hand,  if  un  is  adjacent  to  all  of  these,  then  the  degree  of  un  is  at  least  q-  1  >  r  -  1 
and  we  have  a  longest  um-path  where  the  degree  of  the  first  vertex,  un  is  greater  than  the 
degree  of  the  first  vertex  of  Q ,  contradicting  the  choice  of  Q.  □ 

Theorem  6 

Let  G  be  a  2-connected,  claw-free  graph  with 

'  \N(u)  U  N[v)\  >  (p  -  3)/2 

for  all  pairs  of  vertices  u,v  at  distance  2.  Then  G  is  homogeneously  traceable. 

Proof 

Let  G  be  a  2-connected,  claw-free  graph  with  jAr(u)  U  Ar(r)|  >  (p  —  3)/2  for  every 
pair  of  vertices  u,v  at  distance  2.  Let  3  t  V(G').  We  aim  to  find  a  Hamilton  path  with 
end  vertex  z.  Let  P  =  v\ ,  t'2,  •••,  vm,  vm  =3,  be  a  longest  path  in  G  with  end  vertex  z. 
If  m  =  p  we  are  done,  so  suppose  m  <  p.  Then  there  is  a  vertex  t.  x  <£  P.  Since  G  is 
2-connected,  there  are  at  least  two  openly  disjoint  paths  from  x  to  P.  Let  the  two  end 
vertices  of  any  set  of  such  paths  with  the  lowest  subscripts  be  tq ,  r /.  where  k  <  l.  Without 
loss  of  generality  we  can  assume  xvi  €  E(G).  Since  G  is  claw-free  and  1  <k  <  m.  we  have 
€  E(G).  Now  I  k  ■ f  2  since  if  /  =  k  -f  2  we  get  the  longer  vm -path 

t’nt ,  Vm  —  1  •  ••  t-7,  X,  Vk ,  Vk+  \  ,  l'k ■  —  1 ,  tq  —2 ,  •••  ,  tq  . 


Thus  l>k  +  2. 

Now  by  Lemma  5  we  can  assume  that  there  is  a  vertex  tq  so  that  tq  is  adjacent  to 
tq+i  and  not  to  tq.  Choose  the  smallest  t  for  which  this  happens. 

Now  t  ^  k  since  this  would  imply  tq  is  adjacent  to  tq+)  and  we  would  get  the  longer 
um-path 

V'm  Vm  —  1  «  •  -  •  •*  V l;  -f  i ,  V \  ,  L*? .  •  ■ . ,  & k  «,  X . 

Also  t  ^  k  +  1  since  this  would  imply  tq  is  adjacent  to  tq+2  and  we  would  get  the  longer 
um-path 

t’m  ,  t’rfi  —  i  ,  ....  tq  +  2i  l'l  ,  t!2  .  Vk  —  1 .  ]  ,  Vk  .  X . 

Thus  t  k,  k  +  1. 

Traversing  P  from  iq  towards  vm.  let  rr+]  be  the  first  vertex  to  which  tq  is  not 
adjacent.  Then  tq  is  adjacent  to  tq,  tq, ...,  vr,  and  not  adjacent  to  t’r+i,  tv+2, tq.  Now 
r  <  k  since  if  tq  is  adjacent  to  tq-  we  get  the  longer  r„,-path 

...,Vt,X,Vk,  iq,t’2,...,tq._i,tijt+i,tq  +  2,  tq-1  . 

Thus  r  <  k. 

We  will  arrive  at  contradiction  by  v.ho»\iug  that  there  is  a  1:1  mapping  from  A’(tq  )U 
Ar(tq)  to  V(G’)  —  (A’(iq_i)  U  A(.t)).  Note  that  iq.r,  are  vertices  at  distance  2  by  the 
definition  of  t.  Also  x.  tq_i  are  distance  2  apart  since  artq  €  E(G )  and  .riq_i  <£  E(G). 

L^i 
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Let  y  6  N(vi )  U  N(vt ).  Suppose  y  £  P.  Then  since  P  is  a  longest  t>m-path,  y  $  A?(t>i) 
and  if  y  €  N(vt )  we  get  the  longer  um-path 

vm,vm-.u...,vt+1,vuv2,...,vt,y. 

Thus  we  have  y  £  P,  and  so  y  =  v3  for  some  s. 

We  will  now  consider  2  cases  for  l: 

Case  1:  Suppose  l  <  m.  Note  that  since  G  is  claw-free  and  P  is  a  longest  vm-path  we  have 
u/-it>/+i  €  E(G). 

We  have  already  shown  that  t  ^  k,  k  +  1.  By  similar  arguments,  t  ^  l,  l  +  1.  We  will 
now  show  t  t £  l  —  1.  Suppose  t  —  l  —  1.  Then  t’i  is  adjacent  to  v\  and  we  get  the  longer 

i>m-path 

^ru  ?  ^’m  —  1  y  * •  * i  1 1  1  »  —  2 1  ^’l  >  ?  3C . 

Thus  t  ^  l  —  1. 

We  have  also  previously  shown  that  l  ^  k  +  2.  We  will  now  show  that  /  —  1  ^  k  4-  2. 
Suppose  /  —  1  =  A'  +  2.  Then  we  will  get  the  longer  um-path 

um,  Urn-1  ,  •••,  *7+ 1 ,  Vf- \  ,  !>/,  I,  t’i- ,  U’t+1  *  V*-l  .  Ufc-2,  U]  • 

Thus  /  —  1  ^  A  +  2. 

Let  €  A7’(vi)  U  N(vt).  Now  clearly  s  7^  1,<  by  the  definition  of  t.  We  claim 

s  A,  l  —  1,  /. 

Suppose  first  s  =  A.  Now  if  u*  €  Ar(t>i)  we  get  the  longer  rm'path 

vm  1  U’m  —  1  ,  •  •• )  Ufc-f]  ,  Vk  —  1 ,  t'4-_ 2 ,  ,  U'l  ,  X. 

So  suppose  v*  €  N(vt).  Then  for  t  <  k  we  get  the  longer  um-path 

^  ni  7  —  1  ?  •  •  •  7  ^  1  >  ^'k  —  1  ?  "’i  -f- 1 7  ^  1  »  ^?2  •  *  •  1  f  t  ^  k  *  -2* 

and  for  t  >  k  we  get  the  longer  vm-path 

vm  » t’m_i  , t'/+ J ,  t’l ,  t'2,  ....  t'r-1 ,  t’fc+i ,  UJ.  +  2,  ...,  Vt,  Vk  ,  X. 

Thus  s  ^  k.  By  similar  arguments,  we  can  show  s  ^  l. 

Now  suppose  s  =  l  —  1.  If  vi-j  €  A’(uj )  we  get  the  longer  i?m-path 

Vm,  Vm-],...,Vl,X,Vk,  Vk-l,..  .,Ui,tV-l,Vt-2,---,VJt  +  l* 

So  suppose  u;_i  €  N(vt).  Then  for  f  <  A:  we  get  the  longer  um-path 

y  '"y^ly^y^ky^k  —  Xy  •"  yVf  )V[  —  \  ,  V  /  —  2  5  *  *  •  j  t'fc  -f-  1  > 

for  k  <  t  <  l  we  get.  the  longer  e,„-path 

Vm,  V„,_,  ,  U,,  X,  Vk  ,  Ufc-1  ,  ....  Uj ,  t’f+1 .  l>t+2, 
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and  for  t  >  l  we  get  the  longer  um-path 

I’m  i  Uni  -1  >  •••>  fj-f  ]  ,  Uj  ,  l>2 1  -  ..i  17|_  j ,  U* ,  j  ,  .. .,  t’/,  X. 

Thus  5^1-1. 

Let  v3  €  N(v i).  Now  s  ^  k  +  1  for  if  it  were  we  would  get  the  longer  um-path 

>  ^m—  1  f  •  •  •  >  1  j  >  ^2  y  ** *  >  >  X. 

Similarly,  s^l+l.  Now  if  v3-\  6  N{x)  we  get  the  longer  um-path 

Vm  •>  —  1  >  •  •  ^3  >  ^2  »  ^2  ?  -•  •  *  ^ j  —  1  >  X . 

Also,  u3_i  $  N(vi-i)  for  if  it  were,  for  if  1  <  s  <  A:  we  would  get  the  longer  um-path 

i  Vm  —  1  ?  ** m  ^7 1  X,  i  X'fc-f 1 1  *  •  * *  ^7  —  1  ?  ^’a  —  l  ■»  — 2  i  •  •  •  ?  ^  1  >  ^7-  3  + 1  ?  •  •  * i  ^7t  —  1  ^ 

if  k  +  1  <  s  <  l  —  1  we  would  get  the  longer  rm-path 

y  ’*•?  Vfc  —  y  ,  ....  V]  V  j-j.  j  .  ....  t-V  — 1>  2^5  —  j  »  2/ j  —  2  t  ***i  2-  A:  4- 1 

and  if  s  >  /  -f  1  we  would  get  the  longer  um-path 

1)  i  —  t'7  — 1 .  — 1  ,  1^4—2?  ....  l»7,  X. 

Thus  if  us  €  jV(ui)  we  have  vs-j  Ar(r/-i)  U  A’(.r). 

Again  consider  v3  €  Ar(ui ).  For  k  +  l  <  s  <  m  we  have  Uj+i  £  A'(x)  for  if  it  were  we 
would  get  the  longer  i»m-path 

Vm  ,  ^m- 1  »  •  •  -i  f  »+l  i  % i  i  17  A  — 1 1  ••••  17 1  ?  77ji  17  j  —  1 »  ••••  17  A  + 1  ■ 

For  /  4-  1  <  s  <  771,  t>j+i  ^  jV(r/-i )  else  we  get  the  longer  um-  path 

I’m  i  I’m  —  1  i  ••  m  ^;s  +  l  i  ^'7  —  1  t  t’i  — 2 ,  . V]  ,  7’,j  ,  Va  _  i ,  . . . .  I'/ ,  .T. 

There  are  now  3  possible  locations  for  t:  l  <  t  <  k,  k  +  l  <  t  <  I  —  1  and  <  >  /  +  1. 
We  will  now  consider  these  3  cases  for  t. 

Case  1.1:  Suppose  t  >  /  4-  1 . 

Let  va  €  Ar(i’i )  U  N(vt).  We  have  already  shown  that  s  ^  l.t.k.l  —  \J.  We  now  claim 
s  7^  k+  1.  Note  that  we  have  already  shown  that  Vk+\  $  N(v\ ).  So  suppose  t’r+i  €  Ar(rf  ). 
Then  we  get  the  longer  um-path 

2,m )  2^m  —  1  >  *  •  •  ■»  v  J,  ^  X .  I’ j .  2  /-$-}.  *  •  • .  ^  **<>2  J  —  )  • 

So  ajt+i  £  N(vt)  and  therefore  5//:  +  1. 

We  consider  2  subcases: 


Case  1.1.1:  Assume  u/_i  is  adjacent  to  some  vertex  vg  with  q  <  k. 

First  we  claim  q  ^  k  —  1  since  if  €  N(vi-i  we  get  the  longer  um-path 

Vm,Vm-l,  ■■•iVl,X,Vk,Vk+l,...,Vt-i,Vk-l,Vk-2,  — 

Thus  q  <  k  —  1.  Also,  q  ^  k  —  2  for  if  u*_2  6  we  get  the  longer  t>m-path 

Vm.l'm-l,  ...,Vt,X,Vk,Vk-i,Vk+l,Vl;  +  2,  UJ-J  ,  Vfc-2,  Vfc-3, Vj  • 

So  we  have  q  <  k  —  2. 

Recall  u3  £  U  N{vt).  Now  s  ^  —  1  since  if  t’/c-i  €  jV(uj)  we  get  the  longer 

um-path 


7  ^m  —  1  j  7  1 7  "•?  —  1 1  Vq  7  ^4- 1 7  ••  •  7  —  1  7  V 1 ,  t?2  7  •  •  •  1  ^<7  —  ] 

and  if  rjt-i  €  Ar(u<)  then  we  will  get  the  longer  um-path 

— 1  7**,7^<-f'l7^/l7  ^2  *  * » *  7  ^A;  —  1 7  ^ty^t  —  1  7  7  ^A:  7  • 


So  s  ^  k  —  1. 

We  will  now  construct  the  1:1  mapping  from  N{v\  )UN(vt)  to  V(G)-(Ar(ui_i)UAr(x)). 
First  suppose  s<fc-lorfc  +  l<i</-l.  Now  u3_j  0  N(x)  by  the  choice  of  k,  l. 
Again  recall  vs  £  N{vi)  U  N(vf).  Suppose  vs  £  N ( uj ) .  We  have  shown  above  that 
v3_i  $  N(vi-i)  U  Ar(x).  Now  suppose  v3  £  .V(r().  Then  u3_3  $  Ar(c/_i)  else  we  get  the 
longer  um-path 

— 1  -i  ^t+l  A-,l  i  ^’2 1  — 1  •  C;_  j ,  U/_2 ,  ,  t><_ j  ,  . Up  X. 

So  for  the  case  s  <  k,  k  +  2  <  s  <  l  —  1  let  r3_i  be  the  vertex  corresponding  to  v3  in  the 
1:1  mapping. 

Now  suppose  l<s<toTt<s<m. 

Suppose  v3  £  Ar(ui).  Then  we  have  shown  above  that  u3+i  £  Ar(u/_i)  U  Ar(x).  So 
suppose  vs  £  N(vt).  Then  u3+i  $  Ar(r/_i )  else  for  s  <  t  we  get  the  longer  um-path 

7  Vm  —  1 7 •  *  •  7  4*1 7  7  V2  ,  ••  -  7  1 7  ]  7  2  7  •  *  *  7  ^ty^$y  —  1 7  •  •  *  7  Vl  7  ^ 

and  for  5  >  t  we  get  the  longer  i?m-path 

7  ^T71  —  1  7  *  ■  ■  7  1  7  Vl  —  1  ?  —  2  7  *  *  *7  ^*1  7  ^f+l  7  ^  f  4*  2  7  ***  7  7  ^ty^t  —  I7  •  •  •  7  ,  X. 

Also  u3+i  £  A'(x)  for  if  it  were  for  s  <  t  we  would  get  the  longer  um-path 

Vm  7  —  1  7  4*  1 7  ^  1 7  ^'27  *  * » 7  —  3  7  ’**7  ^s4-  1 7  ^ 

and  for  s  >  t  we  would  get  the  longer  r,„-path 

um,  um_  1,...,  u,+  i,x,rjt,tijt  n,rl+],i.-(+2,...,w3,Uf,u»_i - t’t+i- 
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For  the  case  l<s<t,t<$<m  let  vJ+1  correspond  to  va  in  the  desired  1:1  mapping. 

Note  that  we  have  not  found  an  image  point  corresponding  to  vm.  We  claim  to 
have  found  a  1:1  mapping  from  Ar(t’!)  U  N(vt)  —  vm  to  V”(G)  —  (N(v{-\)  U  N(x))  — 

Clearly  we  have  shown  a  1:1  mapping  from  N(v j)  U  N(x)  —  Up,  to  a  subset  S  of 
V(G)  —  (N{vi-\)V  N(x)). 

We  now  claim  Vk-2,Vk-i,vi-X,x  £  S. 

First  suppose  Vk-2  €  5.  Then  t>*_2  =  u3-i  or  vJ+i  for  some  s.  But  t>t_2  —  u,_j 
implies  s  —  k  —  1  and  v^-i  =  t\,+i  implies  s  =  k  —  3  >  /,  both  contradictions.  Thus 

uit-2  i  s. 

Next  suppose  vk-X  G  S.  Then  by  the  way  we  have  constructed  our  1:1  mapping  we 
have  vjt-i  =  u,j_i  or  where  v3  G  Ar(v i)U  N{vt).  But  vk-i  =  va-x  implies  s  ~  k,  but 
we  have  already  shown  that  s  ^  k.  Also  vk-X  =  U4+1  implies  s  =  k  —  2  >  /,  a  contradiction. 
So  vk-i  $  S. 

Now  suppose  vi-i  G  S.  Then  l'/_i  =  va-\  or  va+\  for  some  s  with  va  G  N(vx )  U  A  (vt  )■ 
But  vi-i  —  va-i  implies  s  =  l,  a  contradiction  and  t’/-i  =  t’s+i  implies  s  /  —  2  >  /,  again 
giving  a  contradiction.  Hence  $  S. 

Finally  suppose  x  G  S.  Then  x  is  the  image  point  of  some  y  where  y  G  A’(t'i )  U 
N(vt)  —  vm.  But  all  the  image  points  are  on  P  and  i  $  P,  Thus  x  £  S. 

Now  it  can  be  easily  seen  that  x.vi- j  £  Ar(u/_i)  U  N{x).  Also,  clearly  vk-i  £  A’(i) 
and  if  u*-i  €  N(vi-\ )  we  get  the  longer  u^-path 

vm ,  ym_i , v/,  x,  Vk ,  t'fc+1 , vi-u  t’A-1 ,  vk-2,  ih  • 

Again,  by  the  choice  of  k,  vk~2  £  Ar(.r)  and  if  i’t_2  €  Ar(u/_i)  we  get  the  longer  vm-path 

Vm,Vm-i,...,Vt,X,Vk.Vh- i.Vk+uVk+2,—,Vl-uVk- 2  ,  t'*_3  ,  t’l  . 

Thus  Vk-2,vk-\,vi-i,x  £  N(vi-i)U  N{x). 

We  get 

(p  -  3)/2  —  1  <  |.V(n)UA>f)-vm| 

<  |H(G)  -  (Ar(i-/_, )  U  Ar(.r))  —  {.r,  vk-2,vk-1,  r;-!  }| 

<P-(P-3)/2-4  =  (p-3)/2-1 

a  contradiction. 

Case  1.1.2:  So  we  can  assume  v ;_5  is  not  adjacent  to  any  vertex  vq  where  q  <  k. 

Recall  that  vs  G  Ar(ei )  U  Ar(c,)  and  s  ^  1 ,  A:,  Ar  +  1,/  —  1,/  W  e  will  construct  a  1:1 

mapping  from  N(v\)  U  Ar(r<)  to  V(G)  -  (N(vt~j )  U  .V(.r)). 

First  suppose  s  <  k.  Then  by  the  choice  of  k,  v,  £  N(x)  and  by  the  hypothesis  of 
Case  1.1.2,  v,  $  N(vi~i).  So  let  va  correspond  to  itself  when  s  <  k. 

Next  suppose  k  +  1  <  s  <  l  -  1.  Then  by  the  choice  of  t,  va  £  N{vx)  and  so  assume 
va  €  N(vi).  Now  N{x)  by  the  choice  of  /o, l  and  va-i  ^  Ar(c/_i)  for  if  it  were  we 

would  get.  the  longer  ?’,„-path 

C’rn  ?  Vm  —  1  ,  ■  -  •  i  Uf-f-  1 1  ,  t’2 .  •  •  • .  l\«  —  1  .  *’  /  —  1  ,  ?  /  —  2  .  •  •  -  i  » ,  t  / ,  1  )  ,  ...  I- / .  J"- 
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So  let  va-i  correspond  to  va  for  the  case  k  +  l<s<l  —  1. 

Now  let  l  <  s  <t.  Again  by  the  choice  of  t,  va  $  N{vy).  So  assume  va  G  A  {v,  j.  Now 
*A+i  ^  N(x)  for  if  it  were  we  would  get  the  longer  e~.-path 

— 1  *  •**»  ^<+1  j  5  ^2  ?  Vt,  Vt  —  j  ,  i ,  X . 

Also  uJ+1  ^  N{yi—\ )  else  we  get  the  longer  um-path 

Vm,Vm-l,...,Vt+i,Vi,V2,...JVl-.i,Va+uVa+'2y...,Vt,Va,Vs-.i,...,Vl,X. 

So  for  l  <  s  <  t  let  va+i  be  the  correspondent  of  va. 

Finally  suppose  t  <  s  <  m. 

Recall  that  va  G  Ar(t'i )  U  N(vt).  We  will  first  suppose  v,  G  Ar{r-i),  and  show  that 
va<£N(vl-1)UN(x). 

First  suppose  s  <  m.  Then  va  £  N(x)  for  if  it  were  we  would  have  va-\vt+i  €  E{G) 
since  G  is  claw-free  and  get  the  longer  rm-path 

vm  >  Vm  —  I ,  t*4+] ,  ,  U,_2, t’5>  X. 

Now  suppose  s  —  m.  Then  va  $  N(x)  for  if  it  were  we  would  have  vi,vm-i,z  €  AT(rm). 
Now  G  is  claw-free  and  vix,vm-ix  £  E(G)  so  we  must  have  um-i  €  N{v\).  But  then  we 
get  the  longer  um-path 

Vm  i  3-1  ;  Vfc  —  i ,  ... ,  t'i .  t’f),  _  j  .  Vm  _2  ,  • . VJt-f  1  ■ 

So  for  va  6  N(v j)  for  t  <  $  <  m  we  have  va  e  A‘(r). 

Recall  that  t  <  s  <  m  and  va  G  A*(i’i ).  We  have  va  ^  for  if  it  were  we  would 

have  V},vi-i,va-j  G  N(va).  Since  G  is  claw-free  and  t'li’j-]  $  E(G )  we  have  either  i'i es_j 
or  u/-]Us- 1  €  £(G).  But  if  G  £^(G)  we  get  the  longer  um-path 

vm  i  Vm  —  1  ;  m  Vj,  C/—  i  ,  U] ,  t's_ i  ,  Us_2  ,  • . . .  t’( ,  X 

and  if  G  E(G )  we  get  the  longer  um-path 

*-m  i  ^71 1  —  1  i  ^  1  i  l  2  >  •  •  •  i  L  l  — \  ?  l\s~l  *  —  2  )  —  >  ^  / *  X . 

So  we  have  shown  that  for  G  ARrj ).  /  <  ,s  <  w  we  have  t\,  $  Ar(r/_i )  U  Ar(.r). 

Next  suppose  vs  G  Ar(e,)  where  t  <  s  <  m.  Again,  we  will  show  that.  va  A )  L> 
N(x).  Now  we  can  assume  s  >  t  +  1,  since  if  s  =  t  +  1  we  have  va  =  ut+)  G  Af(i'i),  and  we 
have  just  showm  i>3  =  t’f+i  ^  Ar(r/_) )  U  Ar(.r). 

First  suppose  t  +  1  <  s  <  iv.  Then  v„  A;(.r)  for  if  it  were  we  would  have  r,_jr,+  i  G 
E{G)  since  G  is  claw-free  and  get  the  longer  r,„-path 

Vrn  *  &t n  ~  1  »  1 '  —  1  •>  —  2  w •  *  1  »  *?1  ■*  1*2  -  *  •  •  *  ^'t  *  ^  * 
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Now  suppose  s  =  m.  Then  v3  £  N( i)  for  if  it  were  we  would  have  uf,  ,  x  G  N(vm). 
Now  G  is  claw-free  and  vlx,vm-\x  £  E{G)  so  we  must  have  um_]  €  Ar(ut).  But  then  we 
get  tin  longer  um-path 

Vm  ,  Vic  ,  l»t_i ,  V\ ,  Uj+j  ,  Uf  +  2,  •  Vm_i  ,  U<_i ,  Ujt  +  i . 

So  for  v3  €  N(v t)  and  <  +  1  <  s  <  m,  we  have  shown  v,  £  N(x). 

Again  recall  t  +  1  <  5  <  m,  where  v3  G  N{vt).  We  have  v3  £  N(vi- 1)  for  if  it  were  we 
would  have  Vt,vi-\,v3-i  G  N(v3).  Since  G  is  claw-free  and  ^  E(G)  we  have  either 

V(V,-i  or  Vi- ius_i  €  E(G).  But  if  G  £(G)  we  get  the  longer  um-path 

t'md’m-li  Ui ,  t't  +  l ,  l’(+2<  — 1 1  t’j,  t’(_i ,  I’j,  I 

and  if  €  E(G)  we  get  the  longer  r„,-path 

- 1  •  . . . ,  3  *  V 1 1  l*t  —  ]  ?  •  •  • '  17 .  X,  j ,  ,  17  —  1  ■>  .  i  ,  l*$  —  2  » 

....  T*f+  ]  .  l‘l  .  1*2 . 1  • 

For  v3  G  N(vt),  t  r  1  <  s  <  m  we  have  that  t\,  £  .V( i  /_ i ).  Thus  for  t  <  s  <  /n  let  v3  be 
the  correspondent  of  v3  in  our  1:1  mapping. 

We  claim  we  have  found  a  1:1  mapping  from  .V(i’j)  U  .V(r <)  to  V’(G)  -  (A*(r/_i)  U 
N(x))  —  {vi,vi-i,x}.  Clearly  t'i ,  r/-i .  x  A'(t'/- i)U.V(x).  We  have  shown  a  1:1  mapping 
from  N(v i  )UN(vt)  to  a  subset  S  of  V’(G)  — (A*(r/-i  )U.V(x)).  We  now  claim  i'i .  r;_i.  x  S. 

Suppose  v\  G  S.  Then  v\  =  v3,v3-\  or  i'J+i  where  r,  €  A*(ri)  U  A’fTi).  But  rj  =  v„ 

implies  s  =  1,  v\  =  v3-\  implies  s  =  2  >  k  +  1  and  v\  =  r.,+  1  implies  s  =  0.  all 

contradictions.  Thus  tp  ^  5. 

Next  suppose  t'/_i  G  S.  Then  rj_i  —  v3.v3-i  or  u,+i  for  some  s.  But  —  v3 

implies  s  —  l  —  1,  vi-\  —  t’s_]  implies  s  ~  l  and  r;_]  =  vs  + 1  implies  ,s  =  /  —  2  >  /,  all 

contradictions.  Thus  £  S. 

Finally  x  £  S  for  all  the  image  points  are  in  P  and  x  (£  P. 

We  get 

(p-3)/2<|V(r1)U.V(r<)| 

<|F(G)-(.V(r/_1)U.V(.,:))-{ei,r/_1,x}| 

<  p  —  (p  -  3 ) / 2  -  3  =  ( p  -  3)/2 

a  contradiction. 

Case  1.2:  Suppose  k+l<t<l  —  1.  Again,  we  will  arrive  at  a  contradiction  by  showing 
that  there  is  a  1:1  mapping  from  Ar(?’] )  U  .V(r( )  to  V(G’)  -  (Ar(r/_i )  U  A’ ( .r ) ) .  Recall  that  if 
y  G  N(v i  )UAf(p )  then  y  G  P  and  y  —  v,  for  some  s.  We  have  shown  that  s  ^  1. 1,  A\  /  —  1 .  /. 
We  now  claim  ?  ^  1  +  1,1  +  2.  For  suppose  r;+i  G  A'(t'i).  then  we  get  the  longer  r„,-path 

V m  i  V m  ~~  1  ?  ^7"f*  I  '  1  •»  *2  V( ,  T 
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and  if  y/+  2  6  N(v\ )  we  get  the  longer  um-path 

i  >  ^/4"2 1  ^li  ^2  >  *  •  •  ?  V/—  j  ,  V/4.  j  ,  V/ ,  X . 

(Recall  that  G  .E'(G)  since  G  is  claw-free.)  Also  if  i>/+i  G  Ar(ut)  we  get  the  longer 

vm-path 

>  ^m- 1  >  •-*>  1  ^1  >  —  1  j  •  1  ^t+1  >  ^1+2 ,  . . . ,  r  [ ,  I 

and  if  v/+ 2  €  N(vt)  we  get  the  longer  u^-path 

i  •••)  f/-t-  2  i  i  f  f  —  1  >  -  -  ■ '  f  1  >  1  >  f  f +  2  >  •  •  • ;  k'/  —  1  ,  t-7+  1  5  t  / ,  X. 

Thus  s  /  /  +  1,  /  +  2. 

We  will  now  consider  2  cases: 

Case  1.2.1:  Assume  r/_i  is  adjacent  to  some  vertex  vq  where  q  <  k. 

As  in  Case  1.1.1,  we  have  q  <  k  —  2. 

We  will  now  show  .s  ^  k  —  1,  fc  —  2  where  u.,  G  .V(uj )  U  .V(rf). 

Suppose  G  N(v\).  Then  we  get  the  longer  riri-path 

I'm  ?  —  1  ,  . ,  U/,  .T,  t’t ,  ]  ,  . . . ,  t'/—  ]  <  —  1  *  •  •  • ,  t!l  ,  t  fc  —  1 ,  l  fc  —  2 . ^  4+  1  ■ 

Now  suppose  i'k-2  G  JV(i'i).  Then  we  will  get  the  longer  um-path 

t-’rrj  j  V  m  —  1  >  •  •  f  /  5  X  i  Ufc  ,  t’i  _  i  ,  t-’Jt  -f.  ]  ,  f  A--f  2 ,  .  ■ . .  I  /  —  ]  ,  J  q  .  I  q  —  1  ,  ■ .. ,  V\  ,1  k  —  }  •  t  k  —  2  i  •  ■  •  ?  f  ij-f  1  ■ 

Next  suppose  Vk-i  €  N(v().  Then  we  get  the  longer  e„,-path 

fin>  t'm-l  •  •••,  t’t+1-  Cl,  L'2,  ....  Vk- 1  ,  l't>  V(-\  ,  ....  I'k.  x . 

Finally  suppose  v^-2  €  N(vt).  Then  we  will  get  the  longer  rm-path 

t’mt  vm-l  ,  ■•••  t’l ,  t’2,  ...,  t’r,  t’/-l ,  t'fc+1  ,  »’*-! ,  t-’fc ,  X . 


Thus  s  ^  k  —  1,  fc  —  2. 

We  will  now  construct  a  1:1  mapping  from  A’juj  )U  N(vt)  to  1  (G)  —  (A  (ty_  j  )UA  (x)). 
Recall  that  v,  G  A*(uj )  U  Ar(r,). 

Suppose  s  <  r.  Then  v,  G  Ar(t'i).  Now  u,_j  Ar(z)  by  the  choice  of  k  and  v,-\  i 
N(vi~  \ )  else  we  get  the  longer  i’„,-path 

t'rn  *  I’rn  —  I  »  •  •  *  *.  k  »  *  —  l  • « •  •  •»  ^  1  *>  *  d . \  ,  i  ( — .  ]  .  I  {  —  2  -  •  •  •  ■>  ^  Jc  4- 1  • 

So  for  s  <  r,  let  ua_i  be  the  correspondent  of  v,  in  our  1:1  mapping. 

Now  suppose  r  <  s  <  k  -  2.  Then  c,  £  A’(i'i )  and  therefore  va  G  Ar(r()  by  the  choice 
of  r,  t.  By  the  choice  of  k,  r,  fl  G  .Yfx).  Also  rs  +  ]  (t  Ar(e;_i)  for  if  it  were  we  would  get 
the  longer  um-path 

. . . ,  vi .  x,  r*,  fjt_i . e,+  i,  ft- 2 . f*+i<fi  •  ’’2 . f*.  fi«f«-i.  Vk+  \  • 
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Thus  for  r  <  s  <  k  —  2,  let  vs+\  correspond  to  v3  in  the  1:1  mapping. 

Next  suppose  k  <  s  <  t.  Then  by  the  choice  of  f,  v„  $  N(v i).  Suppose  v ,  £  N(vt )- 
Then  t>a+1  $  N(x)  by  the  choice  of  /  and  uJ+j  ^  Ar(t;/_i)  for  if  it  were  we  would  get  the 
longer  t^-path 

—  1  *  ■  ♦  •?  )  % >  Vk  >  —  1  }  +  ■  •  •  >  —  1 »  1  5  5 

So  let  v3+ 1  be  the  correspondent  of  v3  when  k  <  s  <  i. 

Finally  suppose  i  <  s  <  l  —  1  or  /  +  2  <  s  <  m. 

First  suppose  v3  £  Ar(uj).  Then  ^  Ar(r/_i)  U  :V(x)  as  above.  So  suppose 

u,  €  AT(t>r).  Then  r,_i  $  Ar(x)  else  we  get  the  longer  rm-path 

vm  >  I’m  -1  ,  ....  t’j,  l’f.  t’{_l  ,  ..  .  i’i ,  Uf+]  .  V(42,  ....  U3-I ,  X. 

Also  e,-!  ^  ATr/_i  j  for  suppose  not.  Then  for  s  <  /  —  1  we  get  the  longer  rr;i-path 

rm  J  t’m-l  >  l’/i  t’fci  1  !  •••>  rl  ?  r(+l  +  •••)  V,-\  ,  Vl-\  , 

and  for  ,s  >  /  +  2  we  get  the  longer  e„,-path 

vm  i  i-’rn  —  l  ,  . ,  t's ,  f; ,  t’{  _  | . t .  .  t'f-i-  ] .  t’f  +  2 . Vl— 1 )  Vs  —  \  ,  l’s_2  j  •••)  t’/.  X . 

So  for  t  <  .s  <  /  -  1  or  /  +  2  <  s  <  ???.  let  i’4_i  correspond  to  vs  in  the  1:1  mapping. 

Note  that  vt  has  been  chosen  as  an  image  point  twice,  once  for  the  case  k  <  s  <  t  and 
again  for  the  case  t  <  s  <  l  —  l.  We  claim  we  have  shown  the  existence  of  a  1:1  mapping  from 
Ar(r'] )  U  N(vt )  —  r,_]  to  V(G)  -  (A’(r/_  i)U.Y(x))  -  {v^-i ,  v*+i ,  t;_i ,  x}.  Clearly  we  have 
shown  a  1:1  mapping  from  Ar(i'i  )U:V(n)  —  r(_i  to  a  subset  S  of  V(G)  —  (N(vi-i )  U  AT(x)). 
We  now  claim  Vk-i ,  u*-i- 1 ,  t>/_j ,  x  $  S. 

Suppose  Vk-i  £  5.  Then  i'u~i  =  i'*_i  or  ri+1  where  v3  £  N(v\ )  U  Ar(x).  But 

t'A-i  =  V3-1  implies  s  =  k  and  i'k-i  —  rs+i  implies  $  —  k  —  2.  both  contradictions.  Thus 

vk~  1  $  S. 

Next  suppose  i>a+i  £  S.  Then  i'k+i  --  t-s_i  or  t'3+1  for  some  s.  But  Vk+i  =  t’j-i 
implies  s  =  k  +  2  <  r  or  s  =  k  +  2  >  t,  both  contradictions  since  r  <  k  and  t  >  k  +  1.  Also 
i’k+i  ~  uS4i  implies  s  =  k  another  contradiction.  Thus  t'A-M  <£  5. 

Now  suppose  i'i- 1  £  S.  Then  r/._]  =  i>,_]  or  t’,41  for  some  .s.  But  r/_-,  =  r3_j  implies 
s  =  l  and  e;-i  =  v.,4.1  implies  s  —  I  —  2  <  t.  both  contradictions.  Thus  u;_  1  £  S. 

Finally  x  £  S  since  all  the  image  points  are  in  P  and  x  $  P. 

Clearly  ^  Ar( i-/_  1 )  U  AT(.r).  Also  v^-i-i'k  +  i  £  Ar(x)  and  earlier  in  this  case 

we  showed  t’t-i  ^  Ar(u/_]).  Now  Vk+\  $  A*( f  /  - 1 )  for  if  it  were  we  would  get  the  longer 
t'f), -path 

vm  1  vm  -  I  •  ■•••  I'i,  X,  l'k  .  i’r  _  1  .  ....  i'|  .  !'(  +  1 .  t't  4- > . r/_] ,  l'A-f  j  ,  t'A-f  2  .....  >7. 
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Thus  vk-ltvk+uvi-i,x  <£  N(vi-y )  U  N(x). 

Thus  we  have 

(p  -  3)/2  -  1  <  jAr(u3 )  U  N{vt)  -  ve-i| 

<  |F(G)  -  (N{vi-X)  U  N(x))  -  {ufc_i,vt+i,ui_i,x}| 

<  p  —  (p  —  3)/2  -  4  =  (p  -  3)/2  -  1 

a  contradiction. 

Case  1.2.2:  So  we  can  suppose  v/_i  is  not  adjacent  to  any  vertex  q  where  q  <  k. 

Let  v„  €  N(v j)  U  N( vt).  We  will  construct  a  1:1  mapping  from  N(v j)  U  N(vt)  to 
V(G)-(N(v,.1)uN(x)). 

First  suppose  1  <  s  <  k.  Then  by  the  choice  of  k ,  va  £  N(x)  and  by  the  hypothesis 
t’j  $  N(vi-i).  So  for  1  <  s  <  k,  let  r,  correspond  to  itself  in  the  1:1  mapping. 

Next  suppose  k  <  s  <  t.  Then  by  the  choice  of  t,  v3  £  N( fj )  so  assume  v,  e  N(vt). 
Now  N(x)  by  the  choice  of  kj  and  vi+]  £  Ar{t'(-i )  for  if  it  were  we  would  get  the 

longer  um-path 

—  1  ?  •  -  ■  i  %  y  Vfc  ,  Vfc  —  1 ,  . ,  Uj  ,  i  f  j  ,  l  f-f2?  -  i  + 

. . . ,  Vf ,  U  j  ,  t* 5 J  • 

For  k  <  s  <  t,  let  correspond  to  v9  in  our  1:1  mapping. 

Finally  suppose  t  <  s  <  l  —  1  or  /  -f  2  <  s  <  w. 

First  suppose  v3  €  Ar(ui).  Then  as  above,  u.,_i  $  A*(t*j_i)  U  N(x).  So  suppose 
v,  €  N(vt).  Then  u3_i  $  Ar(x)  else  we  get  the  longer  em-path 

Vm  i  Vm  —  1  .  •••  i  Vs  i  Vt  •  Vt  —  ]  +  -  —  1  ; 

Also  u,_i  ^  N(vi-i)  or  else  for  s  <  /  —  1  we  get  the  longer  u, ,,-path 

Vm,Vm-i  ,...,Vl.X.Vk.Vk-\ t'l  ,  l’f  +  1  ,  ?•,  +  2 - vs  - 1 .  Vl- 1  .  t-7-2 , 

...,  vf.  if* ,  i  f  —  i . t’r+i 

and  for  s  >  l  4-  2  we  get  the  longer  u„,-path 

vm ,  Um  -i . u,,  t’;,  r?/-i ,  -  t’i ,  r»+i ,  U/+2 . ?'/-i .  •  t-’,-2 . ?7,x. 

So  for  t  <  s  <  l  —  1  or  /  +  2  <  s  <  77i,  let  u,_3  correspond  to  vs  in  the  1:1  mapping. 

Note  that  vt  has  been  chosen  as  an  image  point  twice,  once  for  the  case  k  <  s  <  t  and 
again  for  the  case  t  <  s  <  /  —  1.  We  claim  we  have  shown  the  existence  of  a  1:1  mapping 
from  Ar(t’i  )UAr(uf )  —  U(_i  to  V'(G)  —  (Ar(i'/-i  )U  Ar(x))  -  {r3 ,  vk  +  i  .  i't- 1 .  x}  ■  Clearly  we  have 
shown  a  1:1  mapping  from  N(v} )  U  N(v, )  —  e(_i  to  a  subset  5  of  F(G)  —  (A  (vj-i  )  U  A  (x ) ). 
We  now  claim  ,  vk+ 1 ,  t’;_i ,  x  ^  5. 
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Suppose  t>i  €  5.  Then  vx  =  vs,v,-\  or  uJ+i  where  t>3  6  N(vx )  U  N(vt).  But  vx  —  vs 
implies  s  =  1,  vj  =  vs_j  implies  s  =  2  >  t  and  f]  =  uJ+J  implies  s  —  0,  all  contradictions. 
Thus  vx  £  S. 

Next  suppose  ujt+i  G  S.  Then  rjt+i  =  ua,v4_i  or  v4+i  for  some  s.  But  ut+i  =  vt 
implies  s  —  k  - f  1  <  k,  Ufc+i  =  va-i  implies  s  =  k  +  2  >  t  and  u*+ j  =  t>J+1  implies  s  =  Ar, 
all  contradictions.  Thus  v*+i  £  S. 

Now  suppose  vi-\  €  S.  Then  U|_i  =  v3,us_i  or  ttj+i  for  some  s.  But  vi-x  =  u, 
implies  s  =  /  —  1  and  Vf_i  =  vs_i  implies  s  =  /  both  contradictions.  N<  •••  u/_ i  =  u4+i 
implies  s  =  /  —  2  <  f,  but  by  Case  1.2  t  <  l  —  1,  a  contradiction.  Thus  v/_i  $  S. 

Finally  x  $  S  since  all  the  image  points  are  in  P  and  x  £  P. 

Clearly  Ui,v/_i,x  $  Ar(u/_i)  U  Ar(x).  Also  u*+ 1  £  Ar(x)  and  ux+i  ^  Ar(v/-i)  for  if  it 
were  we  would  get  the  longer  vm-path 

fmi  t’m-l  1  •••1  V/,  x,  t VX— 1,  V]  ,  t'f+i  .  t'r  +  2,  V/_j  ,  IH-+]  ,  l’t  +  2,  •••» 

Thus  vi,Ufe+1,v/_i,x  £  A'(i’t-i)  U  A'(.r). 

We  get 

(P  —  3)/2  —  1  <  |A"(vi )  U  Ar(e()  —  Vt-i  i 
<  -  (A’(v/_j )  U  A(x))  -  {rI,vx+i,v/_1,x}| 

<  p  -  (p  -  3)/2  -  4  =  (p  -  3)/2  —  1 

a  contradiction. 

Case  1.3:  Suppose  t  <  k. 

Let  vs  €  Ar(ui )  U  N (vt ).  We  have  already  shown  s  ^  1,  t,  k,  l  —  1,  l.  We  will  now  show 
$  k  +  l,k  +  2  or  /  t  1. 

Now  vx+1  ^  Ar(ui)  for  if  it  were  we  would  get  the  longer  vm-path 

Vm  ?  I'm  —  1  *  •  *  • «  t'A-f  1  r  ^'l  1  ^*2  ?  •  •  •  >  Vk  ? 

and  t;x.fi  ^  Ar(v<)  else  we  get  the  longer  vm-path 

I'm  ,  t’m-l  ,  Vx+i,  r(.  rt_  i ,  ....  l’i  .  V(+i,  V{+ 2i  -  t'x,  x. 

Also  Vfc+2  $  A’(t>i )  else  we  get  the  longer  um-path 

}  I'm  —  1  •  •  •  ■  Vk  +  2  *  1*1  ?  *2  *  ■  •  ■  i  *A  —  1  ?  ^  A  -f  1  ?  ^A  > 
and  Vk+2  ^  A:(z'( )  else  get  the  longer  r, ,,-path 

t’m,  Vm_i  ,  ...,  t’X  +  2,  v<,  v»-j  .  t’l .  l'i  +  ]  ,  V1  +  2,  Vfc-j  ,  Ufc  +  l  ,  Ufc,  X. 

Finally,  t’141  ^  Ar(ui)  for  if  it  were  we  would  get  the  longer  t>, ,,-path 

I’m,  l’m-1  ,  •••- Vl+i,  fj  ,  l-2.  V/,X 
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and  vi+\  ^  N(vt)  else  we  get  the  longer  um-path 

Thus  s^fc4-l,fc  +  2orl  +  l. 

We  will  now  consider  2  cases: 

Case  1.3.1:  Suppose  v/_i  is  adjacent  to  some  vertex  vq  where  q  <  k. 

Now  q  <  k  —  2  as  in  Case  1.1.1.  Let  va  G  N(vi)  U  N(vt).  Now  s  ^  k  —  1  for  if 
Vk-i  €  N(v i)  we  get  the  longer  nm-path 

j  ^m-1 )  i  — 1 1  Vq  —  l  >  •>  Vk  —  \yVk~.  **  *1  * 

Also  Vfe_i  ^  N(vt)  for  if  t  >  q  we  get  the  longer  um-path 

Vm  )  —  2  ,  . . . ,  t  l ,  X,  Vk  ,  1 i  *  *  *  *  1  ?  Vq  1  1  *  *  *  •  ,  ^ i  i  t'Jt  —  1  ,  Vjfc  —  2  >  •  •  ■  ,  ^ t-t-  ]  ,  t*)  ?  t‘2  ,  *  *  • .  Vq  —  1 

and  if  t  <  q  we  get  the  longer  n^-path 


Vrn  ,  Wm-l ,  •••,  t;/,  X,  l’* ,  t’fc+l . tv— l ,  1'9 ,  t',_i ,  ...,  t’,+  i ,  t’l ,  t’2  , 

I't  - 1  ,  t'A-  -  2  ,  ....  t'?+ 1  . 

Finally,  if  t  =  <7  we  get  the  longer  nm-pf»th 

Vm ,  Vm  —  l  ,  « •  •  >  t>/ ,  X ,  Ufc ,  tV-f.  j ,  .. . ,  t’f_]  ,  t'j ,  t'j  —  i ,  •  •  •  •  t"  j  ,  t’j-f  ]  .  t'j +  2  ,  ■  •  •  t  V k  —  1  • 

Thus  S  ^  k  —  1. 

We  will  now  construct  a  1:1  mapping  from  A’(vi)U  Ar(t’t)  to  V(G)  —  ( A:(t’j_i )  U  Ar(z)). 
First  suppose  1  <  s  <  r.  Then  v,  G  N(vi).  By  the  choice  of  k ,  vs-i  £  N{x)  and 
tV-1  ^  iV(ui_i)  for  if  it  were  we  would  get  the  longer  tm-path 

Vm  ,  Vm  —  \  ,  •••,  t>/,  X,  Vfc ,  t’fc-f  j ,  ••• ,  t’/_  j .  t’s  _  j  ,  t>s  — 2  ,  -  ,  l!l  ,  V3 ,  Uj-f  1  ,  .  • Vjfe  —  ]  . 

So  for  1  <  s  <  r,  let  tv~i  correspond  to  v3  in  our  1:1  mapping. 

Now  suppose  r  <  s  <  t.  Then  by  the  choice  of  t  we  have  tv  £  A7(t'j)  so  assume 
fj  £  N(ut).  By  the  choice  of  k,  tv+i  $  A'(x)  and  tv+i  £  Ar(u/_i)  else  we  get  the  longer 
um-path 

V-m  i  V m  —  1  t  •  •  * y  V/y  X ,  t? -{-  ]  ,  ....  I  /  —  \  ,  4.  J  *  1  5  +  1  *  * « *  ^  5  ^  ^ 

I’]  ,  r/+i  .  l‘f  +  2 V/L--1  • 

For  r  <  s  <  t,  let  v,+i  be  the  correspondent  of  t’s  in  our  1:1  mapping. 

Next  suppose  t  <  s  <  k  —  1.  By  the  choice  of  k  we  have  tv_]  $  .V(.r).  if  r,  €  jV(rj) 
we  have  already  shown  i>3-i  ^  Ar(r/-i)  U  Ar(x).  If  v,  €  Ar(tv )  we  have  tv-j  ^  .V(r;_i)  else 
if  s  >  t  +  1  we  get  the  longer  r„,-pnth 

Vm  i  Vm  —  j  ,  *  •  •  >  Vf  y  X,  ^  t  —  J  •  « *  •  •  •*  —  1 1  *  •  -  *  <i  + 1 1  ^  J/4-2  ^ 
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, Vi-2,  •••,«*+! 


and  if  s  =  t  +  1  we  get  the  longer  um-path 

t'm.l'm-l,  ---i  VI,  X,  Vf ,  t’t-l ,  Ul ,  Vt+i ,  Uj+2  , 

So  in  the  case  t  <  s  <  k  —  1,  let  us_i  correspond  to  vs. 

Now  suppose  k  -j-2  <  s  <  l  —  1.  By  the  choice  of  l  we  have  u,_i  $  N(x).  If  v3  £  N(v i ) 
then  t»4_i  $  Ar(v/„1 )  U  ^(x).  and  if  v3  £  N(vt )  then  t>4_i  £  N(vi-i)  else  we  get  the  longer 
um-path 

Vm,Vm-1,...,Vl,X,Vk,Vk-U...,Vt+l,V1,V2,  ...,vt,vs,va+1, 

V|_ 1 ,  US_1  ,  Uj-2,  •••,  ujt+l- 

In  the  case  k  +  2<s<l  —  llet  r4_i  be  the  correspondent  of  vs  in  the  1:1  mapping. 

Finally  suppose  l  +  l  <  s  <  rn.  Suppose  v,  £  A'(ui).  Then  t'4_j  $  N(vt-i )  U  Ar(x). 
So  suppose  v3  £  N(vt)-  Then  t>4_i  ^  N(x)  for  if  it  were  we  would  get  the  longer  u171-path 

Umi  um-l ,  t’s,  l‘t,  l’t_i ,  t’l ,  t’t  +  1 ,  •••)  ^i-1 )  X 

and  v4_i  ^  Ar(v/_!)  else  we  get  the  longer  um*path 

Vrn  i  —  1  >  •  •  •  i  i  —  1  ?  •••)  +  ^(  +  2  *  ■  •  •  ?  X'f  —  1 ,  ,  l'a—2  ,  ...t  V/,  X. 

So  for  /  +  1  <  5  <  m  let  t’3_i  be  the  vertex  corresponding  to  vs  in  the  1:1  mapping. 

Note  that  we  have  considered  vt  as  an  image  point  twice,  once  for  r  <  s  <  t  and  again 
for  t  <  s  <  k  —  1.  We  claim  we  have  found  a  1:1  mapping  from  Ar(t?i)  U  N(vt)  —  t’t-i  to 
V(G)  -  (N(vi-\)  U  N(x)  -  {vk-2,vk- i,u;_i,x}. 

Clearly  we  have  shown  a  1:1  mapping  from  N(vi)  U  N(vt )  —  vt-j  to  a  subset  5  of 
V(G)  —  (N(vi-i )  U  N{x)).  We  now  claim  vk-2.  vk-i ,  vi-i ,  x  $  S. 

Suppose  vk~2  £  S.  Then  vk-2  =  u4-i  or  Vj+i  where  i>4  £  A*(ui)  U  Ar(i-<).  But 
vk-2  =  u«-r  implies  s  =  fc  —  1,  a  contradiction.  Also  t't_2  =  v3+i  implies  s  =  k  —  3  <  t, 
so  t  —  k  —  2  or  k  —  1.  But  t  —  k  —  2  implies  i'(+i  =  vk-\  £  N(v\ )  and  t  =  k  —  1  implies 
ut-H  =  vk  £  N(v i),  both  contradictions.  Thus  vk-o  S. 

Now  suppose  vk~\  £  S.  Then  vk-i  =  us_i  or  i’,+  i  for  some  s.  But  vk-i  =  u4_i 
implies  s  =  k,  a  contradiction.  Also  vk-i  =  us+j  implies  s  =  fc  —  2<<sot  =  /c  —  1.  But 
this  implies  =  i/*  €  A7(ui),  a  contradiction.  Thus  I’t-i  $  S. 

Next  suppose  u/_i  €  S .  Then  r>/_]  =  or  us.|.i  for  some  s.  But  i-|_i  =  us_i  implies 
s  =  l,  a  contradiction.  Also  f/-i  —  r,+  )  implies  s  =  I  —  2  <  t.so  t  —  l  —  l  >  k,  again  giving 
a  contradiction.  Thus  r/_]  ^  5. 

Finally,  x  £  S  since  all  image  points  are  on  P  and  x  $  P. 

Clearly,  v/-i,x  £  N(vi-i)  U  Ar(x)  and  by  the  choice  of  A*,  vk-2,vk-i  N{x).  We  will 
now  show  vk-2,vk~i  N(vi-i). 

If  vk-2  £  N(vi-i)  we  get  the  longer  i>m-path 
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(recall  Vk-iVk+i  €  E(G)  since  G  is  claw-free)  and  if  t?*-!  €  A(u/_i)  we  get  the  longer 
um-path 

Thus  Ui_i,Vjfc-2  $  iV(u/_ i)  and  ujt_2>u/t-i,uj-i,z  £  AT(u/_i)  U  A(x). 

We  get 

(p  -  3)/2  -  1  <  |N(t>i)  U  N{vt)  -  !  | 

<  |V”(G)  -  (N(vi-i)  U  N(x))  ~ 

<  P  —  (p  —  3)/2  —  4  =  (p  -  3)/2  —  1 

a  contradiction. 

Case  1.3.2:  So  we  can  assume  t>/_i  is  not  adjacent  to  any  vertex  vq  where  q  <  k.  Recall 
that  t  <  k. 

Suppose  l<s<t  or  t<s<k.  Then  by  the  choice  of  k ,  va  £  Ar(x)  and  by  hypothesis 
u4  £  N(vi- 1).  So  for  1  <  s  <  t  or  t  <  s  <  k  let  vs  be  its  own  correspondent  in  the  1:1 
mapping. 

Now  suppose  k  +  2  <  s  <  l  —  1.  By  the  choice  of  /,  vs-i  £  Ar(x).  If  va  €  AT(t’])  then 
u4_x  ^  N(vi-\)  and  if  vs  €  N(vt),  then  ua_i  £  AT(t>/_i)  else  we  get  the  longer  um-path 

Vm,Vm-U~-!Vl,X,Vk,Vk-\,...,Vt+uVi,V2,—iVt,VaiVa+i, 

...,U/_1,V3-1,  Ut  +  l. 

For  k+l<s<l—  1  let  u4_j  correspond  to  vs  in  the  1:1  mapping. 

Finally,  suppose  l  +  1  <  s  <  m.  Suppose  v ,  €  N(vi).  Then  v4_i  £  AT(v/-i)  U  N(x). 
So  suppose  va  €  N( vt).  Then  us_i  $  Ar(x)  for  if  it  were  we  would  get  the  longer  um-path 

Vm  —  1  ^  •••?  i  Vt  —  i ,  . i .  •••>  ^3  —  1  *  ^ 

and  u4_i  <£  A(u;_i)  or  else  we  get  the  longer  um-path 

So  for  l  +  1  <  s  <  m,  let  vs-\  correspond  to  v9  in  the  1:1  mapping. 

We  claim  we  have  found  a  1:1  mapping  fx-om  A’(i>i)  U  N(vt)  to  V(G)  —  (A’(i>/_i)  U 
N(x))  —  {vi,v(,vt- i,x}.  Clearly  i’i .  Vf,r/_i,x  (£  N(v/-i )  U  N(x).  We  have  shown  a  1:1 
mapping  from  N(v i)  U  N(v{)  to  a  subset  S  of  V(G)  —  (Ar(i>/_i)  U  Ar(x)).  We  now  claim 

VUVt,Vl-i,X  £  S. 

Suppose  i>i  €  5.  Then  Vi  =  vs_i  or  u,  where  v3  €  Ar(ui )  U  N(vt).  But  vi  =  v3  implies 
s  —  1  and  v\  —  u4_j  implies  s  =  2  >  k  +  2,  both  contradictions.  Thus  Uj  $  S. 

Now  suppose  vt  G  S.  Their  vt  =  vs-i  or  v,  for  some  s.  But  vt  =  v3-\  implies 
s  =  t  +  l>k-\-2  and  vt  =  vs  implies  .s  —  t,  both  contradictions.  Thus  t>/  $  S. 

Next  suppose  u/_i  €  5.  Then  v/-j  =  u4_i  or  va  for  some  s.  But  u/_i  =  u4_i  implies 
s  —  l  and  vi- 1  =  v9  implies  s  —  l  —  1,  both  contradictions.  Thus  vi-\  £  S. 
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Finally,  x  S  since  all  the  image  points  are  on  P  and  x  £  P. 

We  get 

(p-3)/2<|/V(l,1)U%1)l 

<  \V(G)  -  (N(v,^)UN(x))  - 

<p  —  {p  —  3)/2  —  4  =  (p  —  3)/2  —  1 

a  contradiction. 

Case  2:  Now  suppose  l  =  m.  Then  x  is  not  adjacent  to  any  vs  where  s  ^  k,l.  We  look  at 
two  cases  for  f,  where,  as  in  Case  1,  vt  is  the  vertex  with  the  lowest  subscript  so  that  t>j  is 
adjacent  to  vt+i  and  not  to  vt. 

We  claim  t  ^  k,k  +  l,m  —  l,m.  Now  t  =  k  implies  uj  is  adjacent  to  i>*+j  in  which 
case  we  get  the  longer  um-path 


Vm  i  ^m-1  ,  Vk- j. i ,  t'j  ,  Vo-  •••,  Vk ,  X. 

Also  t  —  k  +  1  implies  v-i  is  adjacent  to  v/s+i  and  then  we  would  get  the  longer  um-path 

>  Vm  —  1  ?  •  •  •  i  Vk- f  2 1  ^  1  :  ^2  j  •  •  •  i  ^  A  —  1  >  ^ A-+ 1  ^  ^ A  >  £  • 

(Recall  u/;_iUfc+i  6  E(G )  since  G  is  claw-free.)  Now  if  t  =  m  —  1,  we  have  t’i  adjacent 
to  vm.  But  then  vy,vm-i,x  €  Ar(t’m).  Since  G  is  claw-free  and  neither  u*  nor  is 

adjacent  to  x  we  must  have  €  E(G).  But  then  we  will  get  the  longer  um-path 

Vm  ?  »  Ufc,  Vfc  —  i , ...,  Uj ,  Vm  —  j  ,  Um_2 ,  .. . ,  Vjfc.pi . 

Thus  i  ^  m  -  1.  Finally,  t  ^  m  since  uj  is  adjacent  to  Vt+ 

Let  vs  €  N(vi)  U  N(vt).  Now  if  1  <  s  <  r  we  have  va  G  N{vj)  by  the  definition  of 
r.  By  the  definition  of  k,  we  have  r,_i  $  N(x).  Also,  v,-i  £  N(vm-i)  for  if  it  were  we 
would  get  the  longer  vm-path 

Vm  i  Ufc  ,  U<;  —  i  ,  .. t-’j  ,  V'2 .  ...,  fj  —  l ,  Vm  _  j  ,  Vm  —  2  ,  •  Vjfc.fi  • 

Thus  for  1  <  s  <  r  we  have  vs-\  £  -V(U, )  U  A'(i’t). 

Let  va  G  Ar(ui).  Then  for  A:  +  1  <  s  <  ???  —  1  we  clearly  have  t!,_j  $  Ar(x).  Also. 
Vj-i  $  N(vi-i)  else  we  get  the  longer  1’,,,-path 

Vm  >  y  V fa  —  ]  ,  . . . ,  t  ]  ,  t-$ ,  j  ?  •  •  •  t  Vm  —  \  ,  _  j  ,  Vs  —  2  5  ■ 


Case  2.1:  Suppose  t  <  fc.  We  will  show  that  there  is  a  1:1  mapping  from  ^(viJU^)  to 

V(G)-(N(vm.1)uN(x). 

Let  va  €  Ar(uj )  U  N(vt).  Clearly  s  7^  l,t.  Now  $  ^  k  since  then,  on  the  one  hand,  if 
vis  €  N(vi)  we  get  the  longer  t’„,-path 

Vm,Vm- 1,  ...,Vjfc+|.Vi— li  V*-2,  ...,VltVk,X 
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and  on  the  other  hand,  if  vk  €  N(vt)  we  get  the  longer  um-path 

um,  Vm_i ,  f|  +  i,t>i,U2,  --.jUt,  *>*,*• 

Similarly,  s  ^  k  +  1  since  if  vk+\  €  N(v i )  we  get  the  longer  um-path 

Vm,Vm- 1 ,  ...,  Ufc+l,  Uj  ,  t>2>  Vjk,  x 

and  if  ujt+i  6  N(vt)  we  get  the  longer  um-path 

1  um-l  ,  Vk+i ,  Vt ,  V|-  j ,  ...,  1’]  ,  l-j+i ,  U<  +  2,  •  ••,  Vk,  X. 

Next,  s/m  -  1  since  if  um_i  6  Ar(vi)  we  get  the  longer  u„,-path 

i  J;  A*  —  1 1  *  Vj «  ^m  —  1  «  Vrn  —  2  »  •  •  •  i  -4- 1 

and  if  vm_i  €  N(vt)  we  get  the  longer  t>m-path 

i  ^  i^kt  Vk  —  1 , V(4-  j ,  t-'i ,  t’2 ,  Uf ,  I'm  — J  ,  Ufn— 2  >  -  -m  ^t  +  l  • 

Finally,  we  claim  s  ^  m. 

If  vm  €  N(v-i)  we  get  {ui , t>m-i , r}  6  N{vm),  but  these  three  vertices  are  independent 
contradicting  the  fact  that  G  is  claw-free.  If  vm  €  Ar(u,)  then  we  would  have  the  three 
independent  vertices  vt,vm-Ux  all  in  Ar(um).  Thus  s  #  1  ,t,k,k  +  l,m  ~  1  or  m. 

We  will  now  consider  2  subcases: 

Case  2.1.1:  Assume  t>m-i  is  adjacent  to  a  vertex  vq  with  q  <  k. 

Now  q  ^  k  —  1  since  if  €  N{vrr,-\ )  we  get  the  longer  um-path 

^  T7I  7  ^  ^  -f  ]  •  1  771  —  1  ■*  ^  /i  —  1  *  ^  —  2 1  •  *  •  1  ^*1* 

Also  q  ^  k  —  2  since  if  ut_2  €  Ar(t>m_) )  we  get  the  longer  t;m-path 

fm,  Vfc-l  ,  VA-+1  ,  t’A+2:  •••,  l’m-1 ,  Ufc-2  ,  U*-3  ,  ...,  t'l . 

(Note  Ufc-iUjt+i  €  -B(G)  since  G  is  claw-free. )  Thus  q  <  k  ~  2. 

Consider  €  N(vi)  U  N(iq).  We  have  already  shown  that  s  7^  1  ,t,k,k  +  l,m  —  1  or 
m.  We  now  claim  s  fc  —  1  or  fc  —  2. 

Suppose  s  —  k  —  1.  If  Ujt_i  6  Ar(i:5 )  we  get  the  longer  um-path 

vm,x,Vk,vk+  vm_i,u,,u9_,,...,r,,T;jt_1,yfc_2,...,u9+i. 

If  ufc-i  €  N{vt),  for  g  <  t  we  get  the  longer  t>,„-path 

Umi  ^7  5  ufc+l )  •••,  Um-l  1  Vq,  Vq+y  ,  ...,  Vt ,  Vk-i  ,  t’A -2 ,  -  V<  +  i ,  Uj  ,  t>2  ,  ... ,  Vq- \  , 
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for  q  >  t  we  get  the  longer  um-path 


I’fc-H  )  •••»  vm  —  1 )  Vq  y  vq+l  y  •■■yvk~  1  >  yt  —  1  >  •*■  >  U1  >  U<+1  >  Ut  +  2 1  •  ■  - >  — 1 

and  for  q  =  t  we  get  the  longer  um-path 

Vm  ?  ®  1 1  •  •  ■  >  ym  —  li  t  —  1  »  •••)  >  ^t+1 )  vt+2  j  •••»  1  • 

Thus  S  ^  k  —  1. 

Now  suppose  s  ~  k  —  2.  If  u/t_2  €  jV(u1)  we  get  the  longer  um-path 

Vm  )  X,  Vfc  ,  i’fc  —  1  ,  j  ,  . . . ,  Vm  _j  ,  Vq  ,Vq— t>|,  Vk  —  2y  Vk  —  3  i  •••  j  *''?+  1  • 

If  €  N(vt),  for  q  <  t  we  get  the  longer  um-path 

Vm  y  £ y  Vk  y  k'k  —  l  y  V k+}  y  •  y  Vm  _}  ,  Vq  y  t  3  .  Vf .  V  k~2  y  Vk~3  y  ■  ’ ' y  -f*  1  ’  V  1  1  ^-’2  ?  •  •  - y  Vq  —  3 

and  for  q  >  t  we  get  the  longer  rm  -path 

Ufe,  Ufc  — 1 ,  Vfc4-i ,  Um  — 1  j  t'^+i ,  Vfc_2  ,  Uf .  V(_  j ,  t?j  ,  Uf+l ,  Uf  +  2i  •••>  — 1  • 

If  q  —  t  we  get  the  longer  u„,-path 


Vm,X,VkyVk-\,Vk+UVk  +  2y-yVm-i,Vt,Vt-l,...,Vi,Vt+uVt+2,—yVk-2- 
Thus  s  ^  k  —  2. 

We  will  now  construct  a  1:1  mappingfrom  X(vi)UN(vt)  to  V(G)~  (A’(i'm_i)UA’(i)). 
Let  vs  €  N(vi )  U  Ar(rt). 

First  suppose  1  <  s  <  r.  Then  na_3  ^  A*( t’TO-i )  U  AZ’(x)  as  above.  So  for  1  <  s  <  r, 
let  ua_i  correspond  to  in  the  1:1  mapping. 

Next  suppose  r  +  1  <  s  <  t.  Since  v3  £  Ar(ui)  by  the  choice  of  t,  we  have  v3  €  AT(t’j) 
and  £  N(x)  by  the  choice  of  k.  Also  t’5+]  ^  Ar(ym_i)  for  of  it  were  we  would  get  the 
longer  vm-path 

j  V k  i  ^'k- hi  i  •  •  •  *  —  1  i  1  i  +  2  —  1  i  ••  •  j  •>  1  ?  2 ^  •  •  •  *  ^  ^  —  1  • 

So  for  the  case  r  -f  1  <  s  <  t,  let  us+i  be  the  correspondent  of  v„. 

Now  suppose  t  <  s  <  k  —  2.  Then  us_i  £  Ar(x)  by  the  choice  of  k. 

Suppose  v3  €  Ar(i‘i ).  Then  v3~\  $  Ar(j’„,_i)  for  if  it  were  we  would  get  the  longer 
ym-path 

Vm  y  %y  vk  y  Ufc-f  1  •  •••)  Vm  —  1  i  V3  —  3  ,  Ua  —  2  ,  ■  ■■  y  U3  ,  V3  ,  Ua-f  3  ,  .. .,  Ufc  —  I  - 

Now  suppose  v,  €  N(vt).  Then  ^  Ar(u„,_3 )  or  else  we  for  s  >  t  4- 1  get  the  longer 
um-path 

Vm  ,  X  y  V'k  y  Vk-}.  }  y  Vm  —1  y  V3  —  J  y  V3  —  2y  ■■■,  Vt  +  1  ,  Vl  y  V2  y  ■■■  y  Vf  ,  V3  ,  V3  +  ]  ,  ...y  I't,  -  J 
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and  for  s  =  <  +  1  we  get  the  longer  um-path 


)3T,Vfc,U);-|-i,...,Um_  )  Uf I7j ,  Uj-f-j  ,  Uf-}-2j  •••)  —  1  • 

So  let  u^-i  be  the  correspondent  of  v3  when  t  <  s  <  k  —  2. 

Finally  suppose  k  +  l<s<m  —  1.  Then  va-\.£  N(x)  by  the  definition  of  l. 

Then  if  va  6  N(v i)  we  have  already  shown  u3_i  $  Af(um_i).  Also,  if  va  €  N(vt )  we 
have  va-i  $  N(vm- 1)  for  if  it  were  we  would  get  the  longer  vm-path 

^mi  37)  Ufc*  Ufc+1  >  Vs—l ,  Vm  —  1 )  Um  —  2  )  •  ••)  Va ,  Uf ,  t7f  _ i ,  l>j  j  ty-fl  >  Vj-4-2 ,  Ufc  — 1 . 

So  for  k  +  2  <  s  <  m  —  1,  let  va-\  be  the  vertex  corresponding  to  v3  in  the  1:1  mapping. 

Note  that  vt  has  been  used  as  an  image  point  twice,  once  for  the  case  r  +  1  <  s  <  t 
and  again  where  t  <  s  <  k  —  2.  We  claim  to  have  found  a  1:1  mapping  from  N(v i)  U 
N(vt)  -  vt-i  to  V(G)  -  (Ar(i>m_i)  U  Ar(.r))  -  {n—  2, Now  we  have  shown 
that  Vk-2,Vk-i  ,vm-i,x  $  Ar(um-i)LtAr(.t).  (Recall  that  at  the  beginning  of  Case  2.1.1  we 
showed  that  Vk-2,Vk-i  ^  N(vm-\)-  Clearly  we  have  shown  a  1:1  mapping  from  N(v\)  U 
N(vt)~  vt-i  to  a  subset  S  of  V(G)  —  (Ar(r„,-i  )U  Ar(x))  we  now  claim  Vk-2,  Vk-\ ,  um-i >  x  $ 

S. 

Suppose  Ufc_ 2  €  5.  Then  t'k-2  =  i!3-i  or  t>3+i  where  va  6  N(v1)  U  N(vt).  But 
vk-2  =  ua-i  implies  s  =  k  —  1  a  contradiction.  Also  Vk-2  —  i>a+i  implies  s  =  k  —  3  <  t,  so 
t  =  k  —  2  or  k  —  1.  But  t  —  k  —  2  implies  v\  is  adjacent  to  Vk-\  and  t  =  k  —  1  implies  v}  is 
adjacent  to  Vk,  both  false.  Thus  Vk-2  S. 

Next  suppose  €  S.  Then  t\--i  ~  u3_i  or  u3+i  where  v3  €  Ar(ui)  U  N(vt).  But 
Vk-i  =  va-i  implies  s  =  k,  a  contradiction.  Also  t’*_j  =  u3+i  implies  s  =  k  —  2  <  t,  so 
t  —  k  —  1.  But  t  =  k  —  1  implies  uj  is  adjacent  to  u*,  a  contradiction.  Thus  4-  S- 

Now  suppose  Vm- 1  €  S.  Then  vm-\  =  i>3_j  or  u3+i  for  some  s  with  v3  £  Ar(t>j)  U 
jV(vt).  But  vm-i  =  ua_]  implies  s  =  771  and  vm-i  =  ua+i  implies  s  —  m  —  2  <  t,  both 
contradictions.  Thus  vm-i  ^  S. 

Finally  suppose  x  £  S.  Then  x  is  the  image  point  of  some  v3  £  ./V(i>i)  U  N(vt).  But 
all  the  image  points  are  on  P  and  x  ^  P.  Thus  x  £  5. 

We  get 

(p-3)/2-l  <  |A>1)UA>f)-i;t_1| 

<  | V(G)  -  )  U  Ar(.r))  -  {rjt_2,vjt_i,t>m_j,3c}| 

<  P  —  ip  —  3)/2  —  4  =  (p  —  3)/2  —  1 


a  contradiction. 

Case  2.1.2:  So  we  can  assume  t’m-]  is  not  adjacent  to  any  vertex  vq  with  q  <  k. 

First  suppose  s  <  k  —  1.  Then  t\,  $  Ar(.r)  by  the  choice  of  k  and  by  hypothesis 
v,  $  iV(ym-i).  Thus  for  s  <  k  ~  1,  let  va  be  the  vertex  corresponding  to  va  in  the  1:1 
mapping. 

Next  suppose  fc  +  1  <  s  <  m  —  1.  Then  u.,_i  ^  A'(x)  by  the  choice  of  l. 
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Suppose  v a  €  N(v i).  Then  va-\  $  N(vm-i)  as  above.  So  suppose  v3  €  N(vt).  Then 
vs-j  N(vm- 1 )  for  if  it  were  we  would  get  the  longer  um-path 

i 5  t’2?  Vt ,  ^iH-1  >  ♦•*?  ^m  —  1  5  ^j  —  1  *  V3  —  2?  ***>  ^£  +  1  * 

So  for  fc  +  lCsCm  —  1  let  u3-i  correspond  to  v3  in  the  1:1  mapping. 

We  claim  we  have  shown  the  existence  of  a  1:1  mapping  from  N(vi)UN(vt)  to  V(G)  — 
(N(vm-i)U  N(x))  —  {vj ,  vt,  vm~i,x}.  Note  that  i>i,  Vi,um-i,x  £  N{vm-\ )UN(x).  Clearly 
wehaveshowna  1:1  mapping  from  N(vi)UN(vt)  to  asubset  5  of  V(G)  —  (Ar(um_1  )U/V(x)). 
We  now  claim  ui,ut,um_i,x  ^  5. 

First  suppose  v\  £  S.  Then  =  v3  or  i>3_i  where  v3  £  N(y\)  U  N(vt).  But  vx  =  v3 
implies  s  =  1  and  ui  =  v5_i  implies  s  =  2  >  k  +  1,  both  contradictions.  So  t>i  £  S. 

Next  suppose  vt  £  S.  Then  vt  =  v3  or  v,-i  for  some  v3  £  N(v i)  U  N(vt).  But  if 
v3  —  vt  we  get  $  =  t,  a  contradiction  and  if  r*  =  u3_i  we  get  s  =  t  +  l>k+l,sot>k, 
again  a  contradiction.  Thus  vt  £  S. 

Now  suppose  t>m— l  €  5.  Then  um-i  =  t’a  or  v3-\  for  some  s.  But  um_i  =  v,  implies 
s  —  7Ti  —  1  and  um_i  =  ua_i  implies  s  =  m,  both  contradictions.  Thus  vm—i  ^  S. 

Finally  suppose  x  £  S.  Then  x  =  or  rs_i,  but  x  £  P.  So  x  ^  S. 

We  get  the  following: 

(p-3)/2<|.V(Wl)u^(v,)| 

<  |V(G)  -  ( Ar(um_i )  U  A*(x))  -  {vj.v^Vm-^xJI 
<  P  ~  ~  3)/2  —  4  =  (p  —  3)/2  —  1 

a  contradiction. 

Case  2.2:  Suppose  fc  +  l<<<ra— 1. 

We  will  show  that  there  is  a  1:1  mapping  from  N(v i)  U  AT(t’f)  to  V(G)  —  (Ar(t>m_i)  U 
N(x)). 

Recall  u3  £  N(v\ )  U  Ar(vt).  Clearly  s  1  or  t. 

We  claim  s^fc,m-lorm. 

We  first  claim  s  ^  k.  If  Vk  £  Ar(ri)  we  get  the  longer  um-path 

. Ufe+i.rfe-l,t>fe_2,  ...,Vj,Vk,X 

and  if  Vk  G  N(vt)  we  get  the  longer  u„,*path 

U  l;2  vi  t't-li  ^Hli  Vk-k 2  >  •  •  •  >  k'f i  )  X • 

(Recall  that  Ufe-ii’t+i  €  ■£((?)  since  G  is  claw-free.)  Thus  $  ^  k. 

Next,  we  claim  — 1.  If  em_i  £  A'(uj )  we  get  the  longer  um-path 

Vm,X,Vk,Vk+U...,Vm-1,VUV2,...,Vk-l 

and  if  um_i  £  Ar(uf)  we  get  the  longer  um-path 
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Thus  j^m-1. 

Finally  we  claim  s  ^  m.  If  vm  G  N(v i),  we  get  €  N(vm).  But  these 

three  vertices  are  independent,  a  contradiction  to  the  fact  that  G  is  claw-free.  Also  if 
vm  <E  N(vt),  we  get  vt,vm-i,x  €  N(vm)  and  again  these  are  independent  contradicting 
the  fact  that  G  is  claw-free.  Thus  s  ^  m. 

Let  vs  €  N(vi)UN(vt)  with  t  <  s  <  m  —  1.  We  have  already  shown  that  if  vs  €  N(v i ), 
then  for  k  +  1  <  s  <  m  —  1  we  have  $  N(vm-i  )UN(x).  In  particular,  if  s  =  t  +  1  then 
ns_i  $  iV(vm_i  U  N(x).  So  suppose  vsinN(vt )  with  t-fl  <s<m  —  1.  Then  by  the  choice 
of  /,  v3-\  £  N(x)  and  ua_i  £  N(vm-i  for  if  it  were  we  would  get  the  longer  um-path 

1  ,  Vfc—  i ,  i  1  i  —  1 7  —  2  j  •  *  •  5  •>  Vt  —  1  •>  ■  •  *  j  fc4"  1  * 

Thus,  if  €  N(vi)  U  N(vt)  with  t  <  s  <  m  -  1  we  have  us_i  iV(t>m_i)  U  iV(:r). 

We  now  consider  two  cases: 

Case  2.2.1:  Assume  t’m-i  is  adjacent  to  some  vertex  vq  where  q  <  k.  Then  as  in  Case 

2.1.1,  k-2,k~  1. 

Suppose  vs  €  N(v i )  U  N(vt).  We  have  already  shown  that  s  ^  l.t,  k,  m  —  1  or  m.  We 
now  claim  lort  —  2.  Now  rjt_i  $  .V(t'i)  for  if  it  were  we  would  get  the  longer 

um-path 

Vk  j  t'fc+l )  •••>  —  1  5  —  I*  - 1  >  —  2  5  ^<?4- 1 

and  Vk-i  N(vt)  else  we  get  the  longer  um-path 

—  1 ,  ••  ••  J-’f  +  l  1  V\ ,  Vo  .  . ..,  Vk  —  l ,  Vf ,  Vt  —  ]  , ....  Vk,  . 


Thus  s  7^  fc  —  1. 

Next  ujt-2  #:  iV(t’j)  for  if  it  were  we  would  get  the  longer  um-path 

Vm  ,  X,  Vk ,  V k  - 1  ,  Vk+  i,Vk  +  2,---.Vm-l-.Vq,Vq-l....,V1,Vk-2,Vk-3,---,V<l+l 

and  Vk-2  $  N(  vt)  else  we  get  the  longer  tv -path 

Vm,Vm- 1  ,  -  t)f+l  .  t’j  ,  t7,  ....  i  -  --i  vk+l  ,V'k-  1  ,  Vk,  X. 

Thus  s  7^  k  —  2. 

We  will  now  construct  a  1 : 1  mapping  from  jV(i>i ) U  Ar(t’j )  to  V  (G)  —  (N(vm  —  i  )UN(x)). 
Recall  that  vs  6  A^ui )  U  N(vt ). 

First  suppose  1  <  s  <  r.  Then  as  above  vs-\  N{vm-\)  U  N(x).  So  for  1  <  s  <  r. 
let  i>a_i  correspond  to  vs  in  the  1:1  mapping. 

Now  suppose  r  -f-  1  <  s  <  k  —  2  or  k  <  s  <  t.  Then  by  the  choice  of  t  and  the 
definition  of  r,  v,  £  N{v\)  so  suppose  t\,  G  .Y(t>/).  Now  vs+i  $  Ar(z)  by  the  choice  of  k. 
Also  us+i  $  N(vm-\ )  else  for  s  <  k  —  2  we  get  the  longer  tv-path 

^JL'4*  1  i  ♦  •  *  *  Vf  i  ^5—1  *  *♦  - 1  »  ^<4  1  »  ^  f  42  ?  ••  •  ’  ^’T7j  —  1  ?  ^s^4  l  *  ^42'  •  ••  ^  Vk  —  ] 
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and  for  s  >  k  we  get  the  longer  vm-path 


y  %  y  Vfc  i  Vk  —  1  *  •**>  y  It  Vt~ f  2  >  •  *  ^m  —  1 *  1 1  ^j  +  2>  » •  *  >  ^ty  i  ,  . . . ,  1  * 

So  if  either  r+l<s<fc—  2  or  k  <  s  <  t,  let  u5-j-i  be  the  correspondent  of  va. 

Finally  suppose  t  <  s  <  m  —  1.  Then  as  above,  we  have  u4_i  $  A(uttj_i)U  N(x).  So 
for  t  <  s  <  m  —  1,  let  u4_i  be  the  vertex  corresponding  to  vs  in  the  1:1  mapping. 

Note  that  vt  has  been  chosen  as  an  image  point  twice,  once  for  the  case  k  <  s  <  t  and 
again  for  t  <  s  <  m  —  1.  We  claim  we  have  found  a  1:1  mapping  from  N(v\ )  U  N(vt )  —  e,_i 
to  V(G)  —  (iV(t)m_i  )UAr(i))  —  Cleaxly  we  have  shown  a  1:1  mapping 

from  N(vi)  U  N(vt)  —  u*_i  to  a  subset  S  of  V(G )  —  (N(vm-i)  U  A(x)).  We  now  claim 
^k  —  1 1  i  Vm  — 1 1  ■£  $  'S'- 

First  suppose  Vk-i  €  S.  Then  vk-i  =  u,_i  or  Uj+i  where  va  £  Ar(ui)  U  N(vt).  But 
Vk-i  —  Uj-i  implies  s  =  k  and  Vk-i  —  us+i  implies  s  =  k  —  2,  both  contradictions.  Thus 

Vk-i  i  S. 

Next  suppose  €  S.  Then  Vk+i  —  t’3-i  or  u44i  for  some  s.  But  =  ua_i 

implies  s  =  k  +  2  <  r  contradicting  the  fact  that  r  <  k,  or  s  =  k  +  2>t  contradicting  the 
hypothesis  of  Case  2.2  that  t  >  k  +  1.  Also  vi-+i  —  ’^41  implies  s  =  k,  a  contradiction. 
Thus  $  5. 

Now  suppose  um_j  £  5.  Then  v,„-i  ~  v,-X  or  uJ+]  for  some s  with  v,  £  N(v\)uN(vt). 
But  uTO_i  =  u3_i  implies  s  =  a  contradiction.  Also  vm-X  =  u3+i  implies  s  =  m  -  2  <  t, 
but  t  <  m  —  1  by  the  hypothesis  of  Case  2.2.  another  contradiction.  Thus  um_i  £  S. 
Finally  x  $  5  since  all  the  image  points  are  on  P  and  x  £  P. 

Now  clearly  $  N(vm-X)  U  Ar(x)  and  Vk-\ , ujt+i  $  N(x).  We  will  now  show 

that  Ufc-i ,  UA.-41  £  N(vm-i  )•  If  Vk- 1  £  )  we  get  the  longer  um-path 

^77i :  3*  t  V k  y  V k-±  ]  ♦  •  ♦  •  y  —  1  1  ^  k  — -  1  •  —  2  ?  •  •  •  ?  * 

Now  if  ujt4i  €  Ar(vm_i)  we  get  the  longer  i-rti-path 


Vm,X,Vk,Vk-l 


Vl  ,  l'<41  ,  Vt 42 - -  t’m-lt  vk+l  ,  VJt  +  2,  •••) 


Thus  UA.-1,UA-+I,t’m_i,x  ^  A?(u„,_] )  U  -V(x). 

We  get 

[p  ~  3)/2  —  1  <  |Ar(u, )  U  N(vt)  —  vt-  \  | 

<  | V(G)  -  (N(vm~i )  U  Ar(x))  -  {ufc-i,i>jt+i,um_i,x}| 

<  P  —  (p  —  3)/2  -  A  —  (p  —  3)/2  —  1 

a  contradiction. 

Case  2.2  2:  So  we  can  assume  i>„, _i  is  not  adjacent  to  any  vertex  vq  with  q  <  k. 

Let  v,  £  N(vx )  U  Ar(e,).  We  will  now  construct  our  1:1  mapping. 

First  suppose  s  <  k  —  1.  Then  by  the  choice  of  k,  va  £  N(x)  and  by  hypothesis 
vs  A(um_ i ).  So  for  s  <  k  —  1.  let  v,  be  its  own  correspondent  in  the  1:1  mapping. 


Next  suppose  k  <  s  <  t.  Then  by  the  choice  of  t,  vs  £  N(v i)  so  we  will  suppose 
vs  G  N(vt).  By  the  choice  of  l  we  have  u4+i  ^  N(x).  Also  u.,+1  £  N(vm- j )  for  if  it  were 
we  would  get  the  longer  vm-path 

^mi^i  —  +  li^m-  +  —  1  • 

For  the  case  k  <  s  <  t,  let  u4-n  correspond  to  v3  in  the  1:1  mapping. 

Finally  suppose  t  <  s  <  m  —  1.  Then  u4_i  ^  )UN(x)  as  we  have  shown  above. 

So  for  t  <  s  <  m  —  1,  let  va-\  be  the  correspondent  of  v3  ir.  the  desired  1:1  mapping. 

Note  that  u*  has  been  chosen  as  an  image  point  twice,  once  for  the  case  k  <  s  <  t  and 
again  for  t  <  s  <  m  —  1.  We  claim  we  have  found  a  1:1  mapping  from  N(v\ )  U  N(vt )  —  u£_i 
to  V(G)  -  (N(vm-i )  U  N{x))  -  {vuvk+1,vm_uz}. 

Clearly  we  have  shown  a  1:1  mapping  from  A’(uj)  U  Ar(t’£)  —  vt-i  to  a  subset  S  of 
V(G)  —  (Ar(um_] )  U  N(x)).  We  now  claim  t-j ,  rt+1 ,  vm-\ ,  x  £  S. 

First  suppose  Uj  G  S.  Then  t'i  =  t>4.t-b-i  or  vj+i  where  v3  G  N{y\)  U  N(vt).  But 
t’l  =  u4  implies  s  —  1,  uj  =  implies  s  =  0  and  rj  =  u4_i  implies  s  =  2  >  t,  all 

contradictions.  Thus  Vi  £  S. 

Now  suppose  rjt+i  G  S.  Then  m  +  j  =  t>,.t*s_i  or  t’4+i  for  some  s  with  v3  G  N(vi)  U 
N(vt).  But  t't+i  =  v,  implies  s  =  k  +  1  <  k  -  1,  a  contradiction.  Next  u*+i  =  u4_j  implies 
s  =  k  +  2  >  t,  but  t  >  k  +  1  by  the  hypothesis  of  Case  2.2.  Finally  Vk+\  =  u4+i  implies 
s  =  k,  a  contradiction.  Thus  rjt+i  £  5. 

Next  suppose  vm-i  G  S.  Then  i-m_)  =  vs,  v3-\  or  for  some  s.  But  um_i  =  v3 
implies  s  =  m  —  1  and  i/m-i  —  t-’a-i  implies  s  =  ???,  both  contradictions.  Also  vm~i  =  v3+j 
implies  s  =  rn  —  2  <  t,  but  t  <  m  —  1  by  the  hypothesis  of  Case  2.2.  Thus  i'm-j  $  5. 

Finally,  suppose  x  G  5.  Then  x  is  the  image  point  of  some  v,  G  N(v\)  U  N(vt).  But 
all  the  image  points  are  on  P  and  x  £  P.  Thus  x  $  S. 

Now  clearly  Vi,vm-\,x  £  Ar(tm-i)U.Y(i)  and  t\  +  j  $  Ar(x).  It  remains  to  show  that 
Vk+i  Ar(um_i).  Now  if  !;+]  G  -V(u„,_i )  we  get  the  longer  t>m-path 

I'm  ,  -T,  t’fc,  t'i  ,  "t+  l  sV.i-2 t’r7i-l  •  vk  + 1  7  t’/;  +  27  •••>  Vf- 

Thus  $  A'(rm_i )  U  A’(.r). 

We  get 

(p-  3)/2  -  1  <  |A'(r, )  U  A'(tf )  -  r(_,| 

<  |F(G)  -  (ATl’m-l  )  U  A'(.t))  -  {V)  .  t'jfc-fl  .  Vm-1  •  x}| 

<  P  —  {p  ~  3)/2  —  4  =  (p  —  3)/2  -  1 

a  contradiction.  □ 


The  graph  in  Figure  1  is  2-connected,  claw-free  and  not  homogeneously  traceable. 
Here,  | N(u)  U  Ar(u)j  =  2n  -f  2  =  (p  —  4)/2,  so  the  bound  in  Theorem  6  is  almost,  best 
possible. 

The  graph  shown  in  Figure  2  is  homogeneously  traceable,  with  jAr(u)  U  A;(r)|  = 
(p-  2)/2,  so  Theorem  3  tells  us  nothing  about  this  graph,  whereas  1  hcorem  C  tells  us  that 
it  is  homogeneously  traceable. 


24 


Bibliography 


[1]  H.  J,  Broersma,  J.  Van  den  Heuvel  and  H.  j.  Veldman,  A  generalization  of  Ore’s 
theorem  involving  neighbourhood  unions,  preprint  (1981). 

[2]  G.  Chartrand,  R.  J.  Gould  and  S.  F.  Kapoor,  On  homogeneov  ;ly  traceable  nonhamil- 
tonian  graphs,  Ann.  New  York  Acad.  Set.  319  (1979),  130-135. 

[3]  R.  J.  Faudree,  R.  J.  Gould  and  T.  E.  Lindquester,  Hamiltonian  properties  and  adja¬ 
cency  conditions  in  K\ ,3 -free  graphs,  Graph  Theory,  Combinatorics  and  Applications , 
Wiley,  New  York,  (1991),  467-479. 

[4]  H.  Li  and  C  Virlouvet,  Neighbourhood  conditions  for  claw-free  Hamiltonian  graphs, 
preprint  (1990). 

[5]  T.  E.  Lindquester,  The  effect  of  distance  and  neighborhood  conditions  on  Hamiltonian 
properties  in  giaphs,  J.  Graph  Theory  13  (1989),  335-352. 


25 


Figure  1 


26 


